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We study density perturbations in several cosmological models motivated by string theory. The 
evolution and the spectra of curvature perturbations 1Z are analyzed in the Ekpyrotic scenario and 
nonsingular string cosmologies. We find that these string-inspired models generally exhibit blue 
spectra in contrast to standard slow-roll inflationary scenarios. We also clarify the parameter range 
where 1Z is enhanced on superhorizon scales. 



I. INTRODUCTION 



where 1Z is constant on large scales. 
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The pre-big-bang (PBB) cosmological models based on 
the low-energy effective actions of string theory have been 
widely studied as possible candidates to describe the evo- 
lution of the Universe at very high density |Q. In the 
PBB scenario there exist two disconnected branches, one 
of which corresponds to the stage of superinflation driven 
by the kinetic term of the dilaton field and another of 
which is the Friedmann branch of decelerating expansion 
P,|l . While it is difficult to avoid the big bang singular- 
ity in the tree-level string action ||]||, two branches can 
be smoothly joined to each other by taking into account 
quantum loop corrections. 

Among the nonsingular string-inspired scenarios, the 
model proposed by Antoniadis et al. |(| involves the 
Gauss-Bonnet curvature invariant coupled to the mod- 
ulus field, which enables the big bang singularity to be 
avoided even in the closed 0] and the anisotropic Bianchi 
type-I Universes ||. In the presence of the higher-order 
derivatives and the Gauss-Bonnet term coupled to the 
dilaton field, it was found in r efs. |@ that the pre- 
big-bang inflationary evolution is followed by a phase 
with decreasing curvature without a singularity (see also 
p[-^3[). Recently a new scenario -the Ekpyrotic model 
- has been proposed by Khoury et al. |T^,|T^]. Accord- 
ing to this scenario, the collision of two parallel branes 
imbedded in the extra-dimensional bulk signals the be- 
ginning of the hot, expanding, big bang of the standard 
cosmology. Prior to the collision the Universe was slowly 
contracting. 

It should be possible to discriminate the viability of 
these models by evaluating the spectra of density pertur- 
bations. In the PBB scenario without loop corrections, 
the curvature pert urbation 1Z is blue-tilted with spectral 
index n ~ 4 fllq| , which contradicts with the observa- 
tionally supported flat spectra with n ~ f. In order 
to make contact with observations precisely, it is very 
important to extend to nonsingular cosmological models 
with a successful graceful exit. In what follows we will an- 
alyze the spectra of curvature perturbations in the non- 
singular models and the Ekpyrotic scenario. We will also 
clarify the cases where 1Z is amplified on superhorizon 
scales even in the one-field model. This should again be 
contrasted with standard single-field inflationary models 



II. PERTURBED EQUATIONS 



Let us consider the following four-dimensional action 

s= f d^^/ft^-^^W) 2 



v{4>) + c c 



(2.1) 



where f(R,(f>) is a function of the Ricci scalar R and a 
scalar field (f>. co((f>) and U(</>) are general functions of <fi. 
The Lagrangian C c represents the highe r-or der correc- 
tions to the tree-level action. The action (2d) includes a 
wide variety of theories, e.g., Einstein gravity, scalar ten- 
sor theories, and the low-energy effective string theories 
reduced from the higher-dimensional actions. In what 
follows we shall focus on the models inspired from string 
theories. 

While it is difficult to avoid the big bang singularity 
in the PBB scenario using only the tree-level action, the 
existence of loop corrections is capable to overcome such 
singularity problem. In this work we shall consider the 
higher-order corrections, given by 

C c = -\ctXZ{<j>) [cR 2 GB + d(V^) 4 ] , (2.2) 

where R% B = R 2 -AR^ U R^ + R^ a/3 R^ af} is the Gauss- 
Bonnet term. Hereafter the inverse string tension, a', is 
set to unity. 

A perturbed space-time metric has the following form 
for scalar perturbations in an arbitrary gauge: 



ds 2 = - (1 + 2A)dt 2 + 2a(t)B ti dx x ' dt 

+ a 2 (<)[(! - 2t/>)% + 2E Aj ]dx i dx j , 



(2.3) 



where a(t) is the scale factor, and a comma means usual 
flat space coordinate derivative. It is convenient to in- 
troduce gauge-invariant variable, defined by 



(2.4) 



1 



where H = a/a is the Hubble expansion rate. This quan- 
tity corresponds to the curvature perturbation in the uni- 
form curvature gauge. The perturbed Einstein e qua tions 
for scalar perturbations are written in the form flfiUlij l 



a 3 Q 



(a 3 Q7l)' - s—TZ = 0, 



where 



u<f> 2 + 3I{F- AXc^H 2 ) - 6Xd^ 4 
(H + lf 



(2.6) 



g = 1 4Acg0 4 - WXcjHI + 8Ac(f - jH)I 2 
ujtj) 2 + 3I(F - AXctH 2 ) - 6\d£<j> 4 

Here F and I are defined as F = df /OR and I = (F — 
A\ciH 2 )/{2F -8\c£H). 

Let us introduce a new quantity, 'J/ = zlZ, with z = 
a^/Q. Then the each Fourier component of if? satisfies 
the second order differential equation 



sk 2 



z 
z 



0. 
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where a prime denotes the derivative with respect to 
conformal time, r\ \a~ x dt. In the large scale limit, 



sk 2 \ <C \z"/z\, eq. (2.8) is easily integrated to give 



TZ k = C k + D k 



dr) 



(2.9) 



where C k and D k are integration constants corresponding 
to the growing and decaying mode, respectively. The cur- 
vature perturbation is conserved on superhorizon scales 
as long as the decaying mode is not strongly dominating, 
as in the case of the single field, slow-roll inflationary sce- 
narios. A counter example was recently found in ref. fl9| l 
in the context of fast-roll inflation. 

In the string-inspired models, when the evolution of z 
before the bounce is given in the form 



(2.10) 



the second term in eq. ( |2.9| ) yields / dr\j 



oc 



2 a 



Therefore lZ k can be amplified for a > 1/2 on super- 
horizon scales, while it is not for a < 1/2 (Note that 
TZ k oc ln(— r}) for a = 1/2). Whether this enhancement 
occurs or not depends on the models of string theory as 
we will show later. 

In order to obtain the spectra of curvature perturba- 
tion s, it is required to go to the next order solution of 
eq. (2.8). If s is a positive constant, the solution for ^ 



is expressed by the combination of the Hankcl functions: 



ciHjP(x) + c 2 H (2 \x) 



(2.11) 



where x = —y/skrj and v = |1 — 2a\/2. Making use of 
the relation Hi 2,1] \—y/skrj) -> ±{i/Tr)T{v){-^kr]/2)- v 



for long wavelength perturbations (—^/skrj — > 0), we get 
the spectrum of curvature perturbations as 



Pn ^^L\n k \ 2 ock 3 - 2 ^ 



(2.5) i n which case the spectral tilt is 



n- 1 = 3 - II - 2a\ 



(2.12) 



(2.13) 



If the corrections C c are not taken into account, s is 
exactly unity as in the case of the Einstein gravity. In the 
context of nonsingular string cosmologies, s is generally 
the time-varying function and even can change sign due 
to the presence of the h igher-order corrections. In such 
cases the formula ( 2.13f) can not be directly applied, but 
it is still valid if s is slowly varying positive function. 
In the next section we shall analyze the evolution and 
the spectra of curvature perturbations in several different 
models. 



III. STRING INSPIRED MODELS 

A. Ekpyrotic Universe 

The Ekpyrotic scenario is based on the collision of two 
parallel branes imbedded in the extra-dimensional bulk. 
The position of the moving brane before the collision is 
represented by a scalar field with negative exponential 
potential 



(3.1) 



In the original version of the Ekpyrotic scenario [Q , the 
collision of branes takes place at some finite value of <j). 
The effective action in this model corresponds to / = R, 
u> = 1, V 7^ 0, and C c — 0, in which case one has Q = 
<j> 2 /H 2 and s = 1. The background evolution before the 
bounce (t < 0) is given by 



a oc {-tf 



H 



P 
t ' 
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P(3p - 1) 
t 2 ' 



(3.2) 



Therefore we find z = atfi/H oc (— t) p oc (— ry)p/( 1_ p), 
which means a = p/(l — p). Since a very slow contrac- 
tion leads to the condition, < p <C 1/3, a is constrained 
to be < a <gC 1/2. Then the curvature perturbation is 
conserved on large scales due to the negligible contribu- 
tion of the decaying mode of eq. (|2.9|) . 



Since s is exactly unity in this case, the result (2.13) 
can be applied to give 



n-l = 



l-p 



(3.3) 



Therefore one has the blue spectrum n ~ 3 for p ~ 
(a ~ 0). This means the difficulty to generate the scale- 
invariant spectrum in the old Ekpyrotic scenario, which 
supports the results in refs. 20 22 . 
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In the new Ekpyrotic scenario |l5[ ; it is assumed that 
the brane collision occurs at the field value 4> — — oo with 
vanishing potential V ~ 0. This corresponds to the case 
with p = 1/3 and a = 1/2, which indicates that Rk is 
logarithmically divergent at the bounce (r) = 0). On the 
other hand the gravitational potential $fe is finite and 
even exhibits nearly flat spectra with small amplitudes 
|jj"5f . In the case where R is divergent and <E> is much 
smaller than unity, however, we cannot choose any ap- 
propriate time-displacement St in gauge transformations 
p3fl . Therefore the cosmological perturbation theory is 
no longer valid at the bounce, which suggests the diffi- 
culty to produce the observationally supported curvature 
perturbations. This situation is similar to the tree-level 
PBB scenario where Rk grows logarithmically toward the 
singularity at r\ — and the spectrum of the curvature 
perturbation is far from scale-invariant. 



B. Modulus-driven inflation 

Let us next consider a model of / = R, ui = 1, V = 0, 
c = -1, d = 0, and £ = ln[2e'V(ie*)] with r)(ie*) being 
the Dedekind r\ function The singularity problem 
which plagues the PBB scenario can be avoided by taking 
into account the above form of the one-loop correction in 
the Einstein frame with modulus (</>) and dilaton fields. 
Since the evolution of the solution is mainly determined 
by the motion of the modulus field, we shall focus on the 
one-field system with positive A whereby singularity can 
be avoided. 

Starting from a large initial value, \4>\ 3> 1, the Uni- 
verse exhibits superinflation (H > 0) until the graceful 
exit at t = 0. During this stage, the background evolu- 
tion is given by [pLpJ] 



ao, 



(-*)' 



(3.4) 



where ao and Hq are constants. After the Hubble param- 
eter reaches its peak value H = H max , the system con- 
nects to the Friedmann-like Universe with H ~ l/(3i). 

During the modulus-driven inflation, one has £ ~ 
-(27r/3)0sinh0 ~ (7r/3)0e~^ oc (-t) 4 . Therefore the 
value Q defined by ( |2.6[ ) evolves as Q oc (— t) 2 , which 
leads to z oc (— t) oc (— ry). Since a = 1 in this case, 
the curvature perturbation is enhanced on superhorizon 
scales during superinflation due to the growth of the sec- 
ond term in eq. Even in the one- field model the 
conservation of Rk can be violated after horizon cross- 
ing when a is larger than 1/2. We should keep in mind 
that the conservation of IZk is the specifics of the slow- 
roll inflationary scenarios where the strongly dominated 
decaying mode is excluded (see refs. |l9| , ^5|| ). 

In the present model s is much larger than unity during 
modulus-driven inflation and is proportional to (— t) , in 
which case eq. (2.13) is not applicable. From eq. ( |2.5| ) we 
easily find that Rk satisfies 



2 fc 2 
Rk + -TZk - (3—tTZk = 0, 
t at 



(3.5) 



where f3 (> 0) is a constant that depends on Ho. The so- 
lution of this equation is expressed in terms of the Bessel 



functions with x = |V?^(- i ) 3 ^ 2: 



■Rk = (-ty 1/2 [ciJ_i /3 (a:) +c 2 J 1/3 (x)] , 



(3.6) 



which asymptotically approaches the Minkowski vacuum 
for x — > oo. Making use of the relation </±i/3(ie) oc /c* 1 / 3 
in the x — > limit, the spectrum of the long wave curva- 
ture perturbation is 



P K oc fc 7 / 3 . 



(3.7) 



This is a blue spectrum with spectral index n = 10/3. 
While the curvature perturbation grows on superhorizon 
scales, its spectrum is not scale invariant. In order to gen- 
erate the scale invariant spectra, one requires the power 
exponent of z close to a = 2 or a = - 1. 
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FIG. 1. The evolution of the quantity aH and the curva- 
ture perturbation \Rk \ = \k 3 ^ 2 lZk \ for two different momenta 
during the modulus-driven inflation and the subsequent Fried- 
mann-like Universe. We choose A = G/ir, a — 0, and a — 0.2 
at t = 0, whereby singularity is avoided. 

In Fig. [l] we plot the evolution of the curvature per- 
turbation for two modes fc = 1CU 5 and 10~ 2 . The mode 
fc = 1CP 5 crosses the horizon (fc = aH) around t = —150, 
after which Rk continues to be enhanced until the grace- 
ful exit and freezes for t > 0. The mode fc = 10 -2 stays 
inside the horizon until t < — 10, during which the curva- 
ture perturbation exhibits some growth with oscillations 
Rk oc (— i)~ 5 / 4 cos(x) as found by eq. (p\6|). After horizon 
crossing the evolution of Rk is similar to the fc = 10~ 5 
case. 

It was claimed in ref. |2(| that the bouncing Universe 
generally exhibits singular behavior of the gravitational 
potential $fe. This result can not be directly applied to 
our model since the Universe is slowly expanding due to 
the presence of higher-order quantum corrections. In fact 
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the curvature perturbation IZk as well as the background 
quantities are finite at the graceful exit, which means tha t 
the gravitational potential remains finite from eq. (2.4). 
Therefore the cosmological perturbation theory can be 
valid as long as the fluctuations do not exceed the linear 
level. This is contrasted with the new Ekpyrotic scenario 
where IZk is divergent at the bounce. 



C. Dilaton-driven inflation 

Nonsingular cosmological solutions have been also 
found in refs. ]9|-|i"T|] by including the higher order deriva- 
tives and loop corrections. The simplest version corre- 
sponds to the case with / = e^^R, uo = £ = — e~^, 
V = 0, c = — 1, d = 1, and A = —1/4, which we shall 
analyze below. Notice that the PBB scenario does not 
include the a' correction in eq. (2.1), in which case the 
background evolution is described by a cx (— jf)^ 1 ^^)/ 2 
and = (—77)^^ in the string frame (3). Then one has 
z cx (— rj) 1 / 2 , yielding the blue spectrum, n = 4. 

In the presence of the a' correction, the initial low- 



curvature dilaton-driven phase is followed by the string 
phase with linearly growing dilaton and nearly constant 
Hubble parameter (see Fig. ^). The fixed values during 
this stage are 4>f ~ 1.40 and Hf ~ 0.62, leading to the 
sufficient amount of inflation with e- folds N = ln(a/<Zj) > 
60 provided that the dilaton field satisfies \cf>\ ^> 1 initially 
p8[ . In Fig. inclusion of the loop corrections makes it 
possible to connect smoothly to the Friedmann branch 
around N ~ 60. 
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FIG. 2. The evolution of the curvature perturbation 
\ti k \ = \k 3/2 TZ k \ as a function of e-folds for two different 
momenta during the dilaton-driven inflation and the graceful 
exit. We choose the initial value of dilaton to be <f) — —140, 
in which case one has sufficient amount of inflation (TV > 60). 
We also plot the evolution of 4> and H, which are nearly con- 
stant during the string phase. Due to the presence of loop 
corrections, singularity avoidance is realized around TV = 60. 

During the string phase with constant (j) an d H, one 



which yields a = — 1 + cj)f/(2Hf). Therefore, when s 
is positive constant, the spectral tilt of the large scale 
curvature perturbation is n — 1 = 3 — |3 — <fif /Hf\ ~ 
2.26. It was shown in ref. |l2j that the ratio 4>f/Hf is 
required to range in the region 2 < cf>f/Hf < 3 for the 
successful graceful exit in the presence of other forms of 
a' corrections such as G^d^d^cj) and □ 0(g\ i </>) 2 . While 
it is possible to have sufficient amount of inflation (N > 
60) in these scenarios, the spectral indices are constrained 
to be 3 < n < 4 for the constant positive s, implying 
the difficulty to generate the flat spectra sourced by the 
dilaton fluctuation. 

In the present model with fixed points 4>f — 1.40 and 
Hf ~ 0.62, s changes sign during a short transition from 
the dilaton-driven to the string phase, after which s is 
approximately negative constant until the graceful exit. 
In this case the solution for eq. ( |2.8| ) can be written in 
the form 



*fe = V^V [cil v (x) + c 2 K„(x)} 



(3.8) 



where x = ~^\s\krj. Here l v and K v are modified 
Bessel functions, whose asymptotic solutions are l v cx k u : 
K v cx k~ v for x — > 0, and l v ~ e x /\Z2nx, K v ~ 
\/tt/ (2x)e~ x for x 



Therefore in the large scale 



easily finds that a cx (— 77) 1 and Q cx e 



(-»?)*' 



/Hf 



limit (jsk I <C \z"/z\), one reproduces the spectrum 
Pfi cx k^ f ^ Hf as in the case of the constant positive s. 
For the modes which are inside the horizon, the curvature 
perturbation exhibit exponential increase, after which IZk 
is frozen as is found in Fig. ||. Since a = — 1 + 4>f/(2Hf) 
is smaller than 1/2, the curvature perturbation is frozen 
after the horizon crossing. This conservation is similar 
to the standard slow-roll inflationary scenarios, but the 
spectrum of the density perturbation is highly blue-tilted 
due to the enhancement of small scale fluctuations inside 
the horizon. It is also worth mentioning that at the grace- 
ful exit IZk remains finite together with the gravitational 
potential (see Fig. ||) . 



IV. SUMMARY AND DISCUSSIONS 

We shall summarize the density perturbation spectra 
in Fig. ||. The quantity z — a^/Q is an important one to 
determine the spectra and the evolution of curvature per- 
turbations. When z cx (— rj) a and the quantity s is time- 
independent, the spectral tilts in the large scale limit 
(\sk 2 \ <C \z" jz\) are given by eq. (2.13), which are plot- 
ted by the dotted line in Fig. |[ We also show the region 
where the curvature perturbation is enhanced on super- 
horizon scales (a > 1/2). 

The simplest version of the pre-big bang scenario corre- 
sponds to the case of a = 1/2 and n— 1 = 3. In the Ekpy- 
rotic Universe or the dilaton-driven inflation with higher- 
order corrections, the spectral tilts are 2 < n — 1 < 3 with 
< a < 1/2. In the modulus-driven inflation with a 
Gauss-Bonnet term, one has a — 1 and n — 1 = 7/3. 
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In this case the spectral index is not on the line of 
n — 1 = 3— |1 — 2a\ due to the fact that s is the time- 
varying function. In addition the curvature perturbation 
exhibits parametric amplification on superhorizon scales 
since a is larger than 1/2. 
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FIG. 3. The spectral tilts in string-inspired cosmologi- 
cal models. "P, E, M, D" correspond to the case of the 
pre-big-bang scenario, Ekpyrotic Universe, modulus-driven 
inflation with a Gauss-Bonnet term, and dilaton-driven infla- 
tion with higher-order corrections, respectively. "SI" denotes 
the standard slow-roll inflation. 

In string-inspired models considered in this work, we 
obtain blue spectra with n > 3. In order to generate the 
scale- invariant spectra (n ~ 1), the background evolu- 
tion is required to be a ~ —1 or a ~ 2. The standard 
slow-roll inflation corresponds to the former case with 
conserved curvature perturbations after horizon crossing, 
while the latter one is the case where TZ is enhanced on 
superhorizon scales. It is certainly of interest to investi- 
gate whether there exist some models motivated by string 
theory which lead to the spectral indices with \n— 1| < 1. 

Even if the single-field string-inspired scenarios have 
some difficulty to generate the flat spectra, the quantum 
fluctuation of a light scalar field such as the axion may 
originate the large-scale curvature perturbations J27| . In 
fact it was recently claimed in ref. pq| that scale- invariant 
curvature perturbations may be obtained after inflation 
if a scalar field called "curvaton" produces an almost flat 
spectrum of isocurvature perturbations due to a light 
mass during inflation (see also refs. (2^]3(J). The ap- 
plications of this idea to the string-inspired models are 
left to future work. 
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